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Robust Wind Shear Stochastic Controller-Estimator

R. K. Prasanth,* J. E. Bailey,t and K. Krishnakumari
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This study analyzes airplane wind shear flight-path control and state estimation in the presence of uncertain-
ties in microburst size and strength. Variations in wind shear shaping filter parameters are computed using a
theoretical wind model that agrees in spectral characteristics with actnal microbursts. Stratonovich interpreta-
tion of stochastic integrals is used to derive a coupled linear quadratic controller-estimator system. Verification
of design robustness is carried out using both nonlinear and linearized Boeing 727 longitudinal approach and
takeoff flight simulations. Linear simulation results for the coupled system are compared with those for a linear
quadratic Gaussian reference design to show improvement in performance. Monte Carlo simulation with
nonlinear apprach and takeoff models demonstrates robustness of the coupled controller-estimator system with

respect to variations in microburst size and strength.

I. Introduction

ONTROL of airplane flight through a microburst has

received considerable attention in the recent past. Miele
et al.,!"? Psiaki and Stengal,*’ and Bryson and Zhao® have
investigated optimal control laws and feedback strategies for
flight in the presence of wind shear. Flight simulation and
airplane performance studies have shown that optimal man-
agement of airplane energy is fundamental in controlling
flight through a microburst. Jones’ and Lambregts® intro-
duced energy management concepts and energy-based guid-
ance systems for broad applications encompassing microburst
encounter. Krishnakumar and Bailey® studied performance of
an inertial energy distribution (IED) controller in a microburst
environment. Bossi and Bryson!® pioneered research in the
dual aspect of wind shear state estimation using Kalman filter-
ing techniques. Onboard implementation of control strategies
require estimation of aircraft and wind states.

Guidance law validation procedures employed in previous
research assume exact knowledge of aircraft and wind shear
states. Although used as a means to circumvent estimation of
wind shear states, this assumption results in overly optimistic
performance from the guidance system. Moreover, recent de-
velopments in control theory'! have shown that the separation
principle upon which the assumption is based is not valid when
parameter uncertainties are present. Significant variations in
microburst size (1-4 km) and differential velocity (10-50 m/s)
of a statistical nature occur in reality. In such instances, linear
quadratic Gaussian (LQG) controller-estimator design, which
requires exact a priori knowledge of system parameters, postu-
lates the use of a nominal system model (e.g., an average
microburst), and variations from the nominal microburst are
assumed negligible. Performance of the system so synthesized
degrades when a priori conditions change. In a microburst
encounter, the aircraft is forced into a maximum performance
situation with limited energy resources and control system
sensitivity to a priori conditions can degrade controller perfor-
mance.

A fresh treatment of the microburst controiler-estimator
problem, which results in the design of a coupled system that
is robust with respect to variations in microburst size and
strength, is presented herein. The controller objectives of in-
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terest in this study relate to the use of a wind shear tailored
autopilot that is active for all landings and takeoffs of an
aircraft. This concept is in contrast to wind shear detection
followed by a guidance law implementation. Interest in this
problem originates from the fact that aircraft have inadvertent
encounters with large microbursts as well as many encounters
with small, nonkiller microbursts in their normal environ-
ment. The design synthesis utilizes a theoretical microburst
model that agrees in spectral characteristics with actual mi-
crobursts. Monte Carlo simulation using nonlinear approach
and takeoff models with feedback provided by the linear
coupled controller estimator is used to verify robust perfor-
mance. Results from linear flight simulation are compared
with those from a baseline LQG design to show improvement
in controller and estimator performances.

II. Controller-Estimator Design
Let the system and measurement models be described by the

autonomous equations:

dx =[A4, dt + A; dalx + [B,df + B;daJu(t) + Cdy (1)

x(0) = xo, t=0

y(t)=[H, + Hiylx(t) + No(t)

where A,, A;, B,, C, H,, and H; are matrix-valued bounded
measurable functions; «(¢) and 5(¢) are unit-diffusion vector
Brownian motion processes; and »(¢) and y(¢) are convenient
notations for unit-diffusion vector Brownian motion pro-
cesses

} v(7) dr7, S ¥(7) dr
0 0

Further, let u belong to a set of nonanticipatory (admissible)
measurable Markov control functions Q. We are interested in
finding a control function u*(¢) € Q that is progressively mea-
surable with respect to the natural filtration of x(.), measur-
able with respect to the ¢ algebra generated by parameter
uncertainties, and achieves the infimum of the quadratic cost
functional

T
B : ' W” 0 >{x} ]
J(x,u,t)—EHo(x ,u )< 0 W) Lu dt

where W, and W), are symmetric nonnegative and positive
definite functions, respectively.

Unlike LQG design (A; = B; = H; = 0), [t6 and Stratono-
vich interpretations of the stochastic differential equation (1)
yield as solutions homogeneous Markov processes that differ
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in drift behavior. Therefore, prior to applying Bellman’s opti-
mality principle, the interpretation that correctly describes the
physical process must be agreed upon. In the Itd theory, there
is a certain kind of separation between the effects of diffusion
and drift. However, the physical process modeled by Eq. (1),
past diffusion affects future drift because uncertainties in
system parameters that cause drift are modeled using a pure
diffusion process. The Stratonovich interpretation takes into
account this effect and has the physical appeal of being the
limit of a sequence of ordinary differential equations. Further,
the time-asymmetric nature of Itd integral leads to the uncer-
tainty threshold principle,'? which precludes the existence of
stable solutions beyond a quantifiable threshold of uncer-
tainty. For these reasous, Eq. (1) will be interpreted as a
Stratonovich equation. The unique advantages lost in inter-
preting Eq. (1) in a Stratonovich sense can be regained by
shifting back to a corrected Itd equation using the Stra-
tonovich averaging procedure.!® The corrected 1td equation is
given by

dx(t) =[A. dt + A; dadx(¢) + [B. dt + B; daju(t) + C dy(t)
x(0) = xy, t=0
y() = [H, + Hv)x(t) + Nv(t)

A.=A, + BAE, B.=B,+ %AB;,, H.=H,+ “2HA;
For the Stratonovich corrected [t6 stochastic equation, there
exists a unique homogenecous Markov process as its solution.
Application of Bellman’s optimality principle then gives

inf .
" [A“J(, )+ L]=0

where A" is the infinitesimal generator for the Itd stochastic
equation. Following Borkar'* and Bryson and Ho,!s the sto-
chastic minimization problem can be transformed into a deter-
ministic problem. The conditions given in the following are
obtained by applying variational principles:

AP + PAT + CPC] — GPT + Q + APAT =0
SA. + ATS + EfSE; + Wy, ~ S/K + ATSA; =0
(4. — B.K)P + P(4.~B.K)T+ GPT =0
(A, — GH.)"S + S(A.~GH.) + STK =0

F=A,—GH.—BK, C,=A,—BK

E;=A;—GH, G=PR', K=Wy!s,

P.=PHT + AP + P)H!, S.=BIS +B7(S + 8A;

Rc :R1+H,'(P+ﬁ)H,~T, WZC = W22+BiT(S +S’)B,

These equations form a coupled system of algebraic Riccati
and Lyapunov (Sylvestor) equations that must be solved si-
multaneously for steady-state controller and estimator gains.
An iterative technique using Schur decomposition can be used
for solution.'® For brevity, the controller estimator given by
this coupled system will be referred to as the coupled linear
quadratic system (CLQS).

Microburst size and strength can only be described statisti-
cally, that is, as a random variable with a well-defined proba-
bility distribution function. Because of this lack of a priori
knowledge, microburst wind shaping filter parameters that
depend on the size and strength become random variables
themselves. The use of multiplicative white processes is impor-
tant in modeling these variations. The matrices 4, and A; can
be thought of as the average and the variance of the system
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parameters that are uncertain. An unbiased unique construc-
tion of these matrices is a well-known inverse problem whose
solution is given by the maximum entropy principle.!’

III. Microburst Wind Model

Statistical data on microburst phenomena that are currently
available are not sufficient to allow a direct evaluation of
probability distribution functions for shaping filter parame-
ters. Therefore, a theoretical model consistent with the ob-
served statistical nature of microbursts is needed to estimate
these distributions. A microburst model used extensively is the
Zhu-Etkin fluid dynamic model,'® wherein the microburst out-
flow is modeled as an irrotational flow emanating from a
spatial vortex distribution. By adjusting the size of the vortex
and/or its strength distribution, microbursts of varying sizes
and differential velocities can be generated. Theoretical sim-
plicity and minimal computing requirements make the Zhu-
Etkin model an attractive choice for real-time flight simula-
tion.

Figure 1 compares the power spectra of the microburst
winds that caused the Dallas-Fort Worth (DFW) Delta 191 air
accident with those of the corresponding Zhu-Etkin wind time
histories. The apparent discrepancy in spectral density at
higher frequencies can be attributed to the presence of high-
frequency turbulence in the DFW microburst. Figure 2 shows
the effect of adding Dryden spectra turbulence to the Zhu-
Etkin microburst. The excellent agreement in low- and high-
frequency spectra forms the basis for modeling microburst
wind as the sum of Zhu-Etkin wind shear and Dryden spectra
turbulence. Implicit in the model is the assumption that turbu-
lence and microburst wind shear can be modeled indepen-
dently. Technically, inferences can be made only from an
expected spectral density computed as an ensemble average.
The primary use of the DFW power spectrum is not in statisti-
cal inference but in showing that the Zhu-Etkin microburst
power spectral density can be scaled to match those for mea-
sured microburst spectra and can serve as the basis for mi-
croburst shaping filter design.

Nonstationary effects are induced by spatial and temporal
microburst characteristics. However, in this analysis, station-
ary processes are used to approximate microburst wind. Ex-
perimental evidence suggests that turbulence length scales in-
crease through a microburst!® and in some hitherto unknown
manner depend on microburst size and strength. Such a func-
tional dependence between turbulence and microburst
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Fig. 2 Comparison of DFW microburst power spectra with scaled
Zhu-Etkin and Dryden turbulence.

parameters will result in a nonstationary and non-Gaussian
wind process description. This functional dependence is ne-
glected in this analysis to provide a simplified microburst wind
shaping filter design.

The procedure for wind shear shaping filter design begins by
assuming a uniform distribution for Zhu-Etkin microburst
vortex size and Gaussian distribution for vortex strength. This
statistical description of Zhu-Etkin microburst wind velocity is
consistent with the Joint Airport Weather Studies (JAWS)
data.?® Next, the joint probability distribution function for
microburst wind velocity along a straight-line path is esti-
mated from an ensemble of randomly drawn Zhu-Etkin mi-
crobursts. The shaping filter process model is then assumed to
be given by

dW =1[A4,df + A; da]W + C dy

where W = [a,, Wy, a,, w,] is the wind shear state vector. The
unknown shaping filter parameters that generate the joint
distribution function can be computed by minimizing the
square error between the shaping filter process moments and
the corresponding moments of the distribution. Parameter
optimization techniques such as the genetic algorithm can be
used for this purpose.?!

It needs to be emphasized that the use of the Zhu-Etkin
model was prompted by limited statistical data on micro-
bursts. When sufficient experimental data become available,
theoretical models can be relinquished for a more direct evalu-
ation of shaping filter parameters.

IV. Verification of Design Robustness

The previous sections presented a microburst controller-es-
timator design methodology that takes into account variations
in microburst size and strength. In this section, we describe
Monte Carlo simulation studies conducted to evaluate perfor-
mance and robustness characteristics of the CLQS. First, we
use a linear approach model (see Appendix} and flight simula-
tion to compare performance of CLQS with a reference LQG
design. Next, robustness of the CLQS with respect to varia-
tions in microburst size and strength is demonstrated with
nonlinear approach and takeoff flight simulations. External
disturbances used in Monte Carlo simulations consist of Zhu-
Etkin microburst and Dryden spectra turbulence. The CLQS
state-space model and measurements are

dx (1) = (A, df + A; do)x(t) + (B, d + B; dau(z) + dn(?)
y()=(H, + Hia)x(t) + v(¢)

where
xT=w x;, z7 u w 06 q 5§
w=la, w, a, w, t t;], ul=1[5, 6.
2" =Im m oM ma w5 gl
E[H] =0,  Ehln Ol=Q
yi=Ix z u w 0 q &l
E@®)] =0, E() ()] =Ro(t—17)
In these equations, a,, w,, a,, w,, and f,, ¢, are wind shear
and turbulence states, respectively; whereas u, w, g, and 6 are
aircraft states and x;, z; are kinematic states. The delayed

response of aircraft engines to throttle control is approxi-
mated by a first-order transfer function (5,/8,,). The quadratic
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cost functional that approximates the IED controller is given
by®

1"
Jx,u)=E| - j {xTW“x + uTszu} dt
2 J
where

W, =AICCT A,, Wy, =BICCT B,
The reference LQG controller estimator (uncoupled) used for
performance comparison uses the Bossi-Bryson wind shear

estimator'? and the inertial distribution controller. The follow-
ing subsections summarize linear and nonlinear simulations.

Linear Simulation

The purpose here is to compare the performance of the
CLQS with that of the LQG design. Flight through a large
number of randomly drawn Zhu-Etkin microbursts and
Dryden spectra turbulence is simulated using a linearized Boe-
ing 727 longitudinal approach model. The performances of
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H
the estimator and the controller are computed for each mi-
croburst using the following definitions:

17
Xe =7 S Ixactual - xestl ds
T Jo

1 T
Xe = T jo Xaoual 2
where X, is a scalar-valued average estimation error in state
x(¢) and X, is scalar-valued mean square deviation from glide
slope in x(¢).

Zhu-Etkin microbursts used for the Monte Carlo simulation
are shown in Fig. 3. Figures 4-7 compare the performance of
the CLQS with that for the baseline LQG design. A general
appreciation of the figures indicates that controller and esti-
mator errors are significantly reduced by incorporating statis-
tical information on microburst parameters in the system
model. Further, the CLQS sensitivity to variations in mi-
croburst size and strength is minimal.
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Table 1 Statistics of nonlinear approach (8max = 0.6) flight
simulation using the coupled linear quadratic system

Minimum Maximum

Height Minimum Maximum inertial inertial
loss airspeed airspeed speed speed
Average 22.366  208.316 276.844 233.716 243.610
SD 30.571 18.381 15.143 7.704 8.685
Minimum —_— 151.187 —_— 221.895 —
Maximum 126.704 —_ 325.79 —_ 259.841

Table 2 Statistics of nonlinear takeoff flight simulation using
the coupled linear quadratic system

Minimum Maximum

Height Minimum Maximum inertial inertial
loss airspeed airspeed speed speed
Average  291.793  230.395 301.877 268.114 275.579
SD 39.931 19.613 16.813 4.240 4.340
Minimum — 176.854 —_— 260.849 —_
Maximum 384.761 E— 341.234 —_— 284.348

Nonlinear Simulation

Monte Carlo simulation using a nonlinear flight dynamics
model is used to demonstrate robustness of the CLQS with
respect to variations in microburst size and strength. The
nonlinear body axis equations of motion used for takeoff and
approach simulations are the following:

X;=Ucos 6+ Wsin 6
H, =Usin 6+ Wcos 6
mU =L sin « — D cos a — mg sin § — mWq + (T cos 8)8,
mW = D sin o« — L cos « + mg sin § — mUg
— (T sin 6)8, + Z,6,
g=Mu +Mw+ Mg + M, + M5,
+ (M), cos 0y + M, sin ) W, — (M, sin 8, — M,, cos ) W,

. . 6,— 6
0=4q, § = ——=
.

0.05 = &, min < 6; < 8, max = 0.95
— 0.4363 = 8, min < 0c < ¢ max = 0.3054
op < Opay = 0.2443
T=TW4,8), L=L(Vs,0), D=DV,,@)

Wx = Wx(X1,H)), Wz = Wz (X1,Hj)
W, = Wx cos y,— Wz sin v,

W, = Wxsin y4— Wz cos vy
a=w; . H =W
_— v4 =tan~! ——-F=
U—W, X~ Wy
where Wy and W; are external disturbances composed of
randomly drawn Zhu-Etkin microburst and Dryden spectra
turbulence. Control feedback and state estimation are pro-
vided by the coupled controller-estimator system designed us-
ing the linearized (trim level flight) Boeing 727 model. A
detailed description of the model including trim parameters is
given in Ref. 21.

o = tan

30
1 Min. Speed Max. Speed
1 AVG 233.716 243.610
» 1l sD 7.705 8.685
3 4 MIN 221.895 -
5 4 MAX - 259.841
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Fig. 11 CLQS performance—Monte Carlo landing simulation using
nonlinear model.
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Table 3 Comparison of nonlinear takeoff simulation statistics using the coupled
linear quadratic system with results from Ref. 21
Minimum  Maximum
Height Minimum Maximum inertial inertial
loss airspeed airspeed speed speed
Average Ref. 21 319.42 234.9 312.3 258.15 277.8
Average Present 291.793 230.395 301.877 268.114 275.579
SD Ref. 21 155.3 15.25 12.79 8.73 1.85
SD Present 39.931 19.613 16.813 4.240 4.340
o in Max. Specd ! 50

AV

M\N'
MAX

Minimum Airspeed
Masirnurn Airspeeid

Fig. 12 CLQS performance—Monte Carlo takeoff simulation using
nonlinear model.

In an effort to study the effects of maximum throttle con-
trol limits, approach simulation is carried out for two values
of 8iax. With 8¢ at 0.95 (that is, 65% in excess of &yim=
0.30), sufficient energy was available for the aircraft to fly
through all microbursts without any significant height loss
(Fig. 8). Maximum height loss increased to about 130 ft with
8max = 0.6 (Fig. 9). This indicates that allowing large excur-
sions in throttle can significantly reduce height loss in ap-
proach. Takeoff simulations are carried out with constant
throttle setting (6, = 0.95). Histograms of Figs. 8-13 show the
number of microbursts (out of 200) that had specified ranges
of variation in height loss, airspeed, and inertial speed. it must
be observed that trim airspeed for approach and takeoff are,
respectively, 237 and 277 ft/s. Tables 1 and 2 summarize the
results of the Monte Carlo simulation for approach and take-
off airspeed, inertial speed and height loss.

References 9 and 21 compare the performance of the inertial
distribution controller with those for MIN MAX y and MIN
MAX height loss controllers assuming perfect knowledge of
wind states and no turbulence. Comparison of the present re-
sults (Table 3) with those of Ref. 9 and 21 show significantly
lower variations in maximum height loss which demonstrate
robustness with respect to changes in microburst size and
strength. Average height loss and airspeed variations of the
present study also compare reasonably well with those given in
Refs. 9 and 21.
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0 0 —0.0063
0 0 —0.0823
0 0 0
0 0 0
A, = 0 0 0
0 0 0
0 0.0170 0
0 0.2450 0
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0 0 0
| o 0 0

Mo s
Masmunm o

Fig. 13 CLQS performance—Monte Carlo takeoff simulation using
nonlinear model.

V. Conclusions

State dependent noise processes are used. to include mi-
croburst size and strength variations in the system model. A
coupled controller-estimator system is derived and imple-
mented using Stratonovich interpretation of stochastic inte-
grals. The design equations were numerically solved for
linearized Boeing 727 longitudinal approach and takeoff mod-
els. System robustness with respect to variations in microburst
size and strength is demonstrated using nonlinear flight simu-
lation. Comparison of performance with an LQG reference
design shows significant improvement. The following can be
concluded:

1) Stratonovich interpretation of stochastic systems can be
used to include parameter uncertainty in controller-estimator
design.

2) The resulting coupled controller-estimator system per-
forms significantly better than an LQG design.

3) Nonlinear Monte Carlo flight simulations demonstrate
robustness of the CLQS with respect to variations in mi-
croburst size and strength.

Appendix: Controller-Estimator
Database for Landing
A=[4, Al A;=[As A4
E[BET1=101 Ql, E@w(n) =R — 1)
0 0 0 |
0 0 0
—0.0725 0 0
—0.0063 0 0
0 —0.1633 0
0 0 —0.2371
0 0 0
0 0 0
0.1180 0.0170 0.1180
—0.4390 0.2450 -0.4390
0 0 0
—0.0050 0 —0.0050
0 0 0 |
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